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Abstract. Stuart vortices are among the few known smooth explicit solu-
tions of the planar Euler equations with a nonlinear vorticity, and they can be
adapted to model inviscid flow on the surface of a fixed sphere. By means of
a perturbative approach we show that the method used to investigate Stuart
vortices on a fixed sphere provides insight into the dynamics of the large-scale
zonal flows on a rotating sphere that model the background flow of polar vor-
tices. Our approach takes advantage of the fact that while a sphere is spinning
around its polar axis, every point on the sphere has the same angular velocity
but its tangential velocity is proportional to the distance from the polar axis
of rotation, so that points move fastest at the Equator and slower as we go
towards the poles, both of which remain fixed.
1. Introduction. A polar vortex is a persistent prograde planetary-scale atmo-2
spheric flow that encircles the pole of a rotating planetary body in high latitudes.3
Distinct polar vortices have been observed on Earth, Mars, Venus, Saturn, Titan,4
Jupiter, Neptune and Uranus [16]. Of the extraterrestrial polar vortices, the most5
comprehensive observations are available for Saturn, where these flows are remark-6
ably steady; see the data in [9]. While Venus and Mars are closer to Earth, their7
polar vortices have a more transient character [19].8
There are numerous observational and modelling studies to gain insight into the9
structure and dynamics of polar vortices. The first step is the quest for simplifying10
assumptions supported by observational evidence. This is achieved by evaluating11
non-dimensional parameters that arise in connection with specific physical effects,12
omitting from the model physical factors if the associated parameter is small. Since13
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Figure 1. Image showing the hot spot centered on Saturn’s South
Pole (the core of the southern polar vortex, at the bottom of the
image), taken from the observatory in Hawaii with infrared ra-
diation sensitive to temperatures in Saturn’s upper troposphere
[Image credit: NASA/JPL-CalTech/Space Science Institute]. A
similar hot spot is found at Saturn’s North Pole.
in a polar vortex the ratio of vertical speed to horizontal speed is typically smaller14
than 10−4 [17], we can neglect the vertical component of the velocity and thus15
study a 2D zonal flow model. Furthermore, due to the large length-scales in a16
polar vortex, the Reynolds number Re and the Ekman number E are typically very17
large and very small, respectively, e.g. Re > 1012 and E < 10−14 for Saturn [1].18
Therefore the assumption of an inviscid flow with leading-order Coriolis effects is19
geophysically reasonable. Regarding the density variations of atmospheric flows,20
the appropriate setting is that of a density that varies with height [22]. Finally,21
the fact that there are many parameters (e.g. size of the planet, distance from the22
Sun) that make planetary atmospheres difficult to compare, the vertical component23
of relative vorticity, evaluated on an isentropic surface (a level set of the potential24
temperature), is the main characteristic used in case studies [16]. Throughout this25
paper we restrict ourselves to an isothermal atmospheric flow. For example, Titan’s26
atmosphere above 500 km altitude is essentially isothermal at about 170◦K [4]. Also,27
during the ten-year span of the Cassini mission, the upper troposphere temperatures28
in both of Saturn’s hot spots (the cores of its two polar vortices, see Figure 1)29
were nearly uniform at about 90◦K, despite seasonal shifts in temperature in their30
vicinity, latitude-wise but also in the stratosphere above; see [2].31
In Section 2 we will show that the two-dimensional, stratified, steady flow in a32
polar vortex is modeled in spherical geometry by the vorticity equation33
∇2Σψ − 2ω cos θ = F (ψ) (1)34
for the stream function ψ(θ, φ). Here ∇2Σ is the Laplace-Beltrami operator on the35
unit sphere, θ is the polar angle, φ is the azimuthal angle, ω is the inverse Rossby36
number based on the rotation rate of the planet. The vorticity due to the rotation37
of the planet—the planetary vorticity—is given by the term 2ω cos θ, and F is38
the relative vorticity function specific to the flow. Equation (1) was derived as a39
model for ocean gyres on Earth in [5], utilizing a shallow-water approximation and40
assuming that density variations in the fluid are absent.41
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The vorticity equation (1) represents the counterpart in spherical coordinates of42
the mid-latitude β-plane model due to Fofonoff [11]1, in which the Laplace-Beltrami43
operator is replaced by a planar Laplacian operator and the background vorticity44
term 2ω cos θ in replaced by its first-order Taylor expansion about a fixed co-latitude45
θ0. At the North and South poles (θ0 = 0 and θ0 = π), the first-order term vanishes,46
and in the research literature a second-order γ-plane approximation is typically47
used instead of the β-plane approximation in polar regions (see [26]). For these48
approximations to be consistent, however, the Laplace-Beltrami operator should49
also be expanded to higher order. Unfortunately, the resulting operators have less50
structure than either the Laplace-Beltrami operator or the planar Laplacian and51
are hence difficult to work with. For linear functions F (ψ) closed-form explicit52
solutions of Fofonoff’s equation may be found in terms of eigenfunctions of the53
planar Laplace operator with a Dirichlet boundary condition [11]. Analogously,54
explicit solutions to (1) for linear functions F (ψ) are provided by the eigenfunctions55
of the Laplace-Beltrami operator on the sphere [15, 13, 25]. These Rossby waves56
and Rossby–Haurwitz waves were generalised using piecewise linear functions F (ψ),57
for instance by Wu and Verkley [27]. While the spherical harmonics solutions have58
finitely many degrees of freedom, the family of solutions that we construct is richer59
while arguably having a simpler form. The steady background state studied here60
can be perturbed by Rossby waves, but this will be pursued elsewhere.61
Since the relative vorticity typically presents strong variations close to the core of62
the polar vortex (see the data in [3]), it is poorly approximated by linear functions.63
This motivates the search for nonlinear functions F (ψ) that could accommodate64
either explicit solutions of the vorticity equation (1), or solutions of (1) whose devi-65
ation from a closed-form expression can be estimated with accuracy. The celebrated66
Stuart vortices [23] in planar flows are closed-form solutions of the planar vorticity67
equation in the absence of background rotation i.e. when ω = 0. The vorticity68
function for Stuart vortices is exponential: F (ψ) = a ebψ, where a and b are real69
constants. Stuart vortex solutions were generalized to the surface of a stationary70
sphere using stereographic projection techniques from complex analysis by Crowdy71
[8]. Stuart vortices on a stationary sphere are solutions to (1) when ω = 0, and the72
vorticity function takes the form F (ψ) = a ebψ + c, where c is a real constant.73
We investigate here a class of vortex solutions for shallow-water flows on a ro-74
tating sphere, which we call ‘Stuart-type’ vortices. These are the counterparts on75
a rotating sphere of Stuart vortices on a stationary sphere [8], and also have the76
vorticity function F (ψ) = a ebψ + c. We show that they represent the leading or-77
der solution in a shallow-water limit, and obtain rigorous error bounds on their78
deviation from the stationary sphere Stuart solution. We do so by means of an79
interplay between the geometric features encoded in the stereographic projection80
and the comparison method for nonlinear elliptic partial differential equations. The81
provided sharp estimates permit us to visualize the streamline-pattern of the flow.82
At mid-latitudes a related approach was used in [6] to obtain error bounds in the83
context of ocean gyres. For polar regions, the approach used here is more accurate.84
This paper is organized as follows. Starting from the governing Euler equation85
and the conservation of mass, we derive the vorticity equation for the horizontal flow86
in rotating spherical coordinates by means of the shallow-water approximation in87
Section 2. We discuss Stuart vortices on a sphere in Section 3, and their relevance to88
polar vortices in Section 4, with special attention devoted to Saturn’s polar vortices.89
1See [24] for a description using modern notation.
















Figure 2. The spherical coordinate system describing flow on a
rotating planet. The coordinate system is fixed with respect to the
planet rotating with an angular speed Ω′ about the z′ axis of the
Cartesian coordinate system (x′, y′, z′). The spherical coordinates
are (r′, θ, φ) where r′ = |r′| is the distance from the origin at the
planet’s center, θ is the polar angle (co-latitude) and φ is the angle
of longitude. The North Pole of the planet is at θ = 0 and the
South Pole is at θ = π.
In Section 5 we present an example of flow visualisation, representing the streamline90
pattern for an approximate solution of the type discussed in Section 4. Finally, in91
Section 6 we overview the material presented throughout the paper.92
2. Governing equations. We consider the right-handed spherical coordinate sys-93
tem (r′, θ, φ) shown in Figure 2. Here r′ is the distance from the center of the94
sphere, 0 ≤ θ ≤ π is the polar angle (so π/2 − θ is the latitude), and 0 ≤ φ < 2π95
is the azimuthal angle (longitude). Primes denote physical, dimensional variables96
while dimensionless quantities are denoted by unprimed variables. The unit vectors97
in this coordinate system are (er, eθ, eφ); eφ points from West to East and eθ from98
North to South. The corresponding velocity components are (w′, v′, u′) and their99
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Here p′ and ρ′ are the pressure and density in the fluid, Ω′ is the constant rate108
of rotation of the planet and g′ is the acceleration due to gravity, taken to be a109






















2.1. Non-dimensionalisation and the vorticity equation. We now non-dimensionalise112
the governing equations (2) and (4) using the following length and velocity scales.113
R′ : radius of the planet
H ′ : mean height of the relevant atmospheric layer
U ′ : suitable horizontal velocity scale
W ′ : suitable vertical velocity scale
ρ′ : average density in the relevant atmospheric layer
(5)114













where ε is the usual shallowness parameter and k is the ratio between the vertical119
and horizontal velocity scales. The new dimensionless variables z, w, v, u and p are120
given by121
r′ = R′ +H ′z, w′ = W ′w, (v′, u′) = U ′(v, u),
ρ′ = ρ′ρ, p′ = ρ′U ′2p.
(8)122
In the shallow-water regime for steady flow with the scaling k  ε  1, the123










































(v sin θ) = 0, (11)133
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∇2Σψ − 2ω cos θ
)
= 0, (13)138














By direct inspection any solution of (1) solves (13). Moreover, throughout regions142
where (∂ψ/∂θ, ∂ψ/∂φ) 6= (0, 0), we see from (13) that the rank theorem (see [18])143
yields (1). As pointed out in the introduction, (1) is the counterpart in spherical144
coordinates of Fofonoff’s β-plane model. Equation (13) was derived in [5], assuming145
constant density, as a model for ocean gyres.146
3. Stuart vortices on a sphere. The planetary vorticity 2ω cos θ in (1) is set147
by the rotation of the planet, but the relative vorticity F (ψ) is specific to the148
particular flow conditions. If we ignore the planetary vorticity by setting ω = 0,149
the vorticity equation (1) describes steady vortex solutions, for flows in the plane150
(using the planar Laplacian in (1)) or on the surface of a stationary sphere (using151
the Laplace-Beltrami operator in (1)). Considerations related to Stuart vortices152
(see [23, 8]) offer prospects for the study of solutions to (1) for nonlinear vorticity153
functions of the form F (ψ) = a ebψ + c with suitable real constants a, b, and c. The154
interaction between the non-constant planetary vorticity term and the nonlinear155
relative vorticity term F (ψ) in (1) considerably alters the underlying mathematical156
structure of the problem.157
The stereographic projection is a one-to-one mapping of the surface of the unit158
sphere to the equatorial plane z = 0 (see [20]), as shown in Figure 3. The North pole159
(0, 0, 1) is mapped to the point at infinity and the South pole (0, 0,−1) is mapped160
to the origin of coordinates. We take the Cartesian coordinates in the equatorial161
plane to be (X,Y ) and define the complex ζ-plane, ζ = X + iY . The stereographic162
projection yields the following useful formulas in terms of the polar angle θ and the163
longitude φ:164










Here ζ̄ is the complex conjugate of ζ. In the ζ-plane we consider a formal change of167
variables from (X,Y ) to (ζ, ζ̄) and then the stream function can be considered as168
a function of the variables (ζ, ζ̄). Equation (1) can be rewritten using the formulas169
(15) as170
(ζζ̄ + 1)2ψζζ̄ = 2ω
ζζ̄ − 1
ζζ̄ + 1
+ F (ψ), (16)171
where subscripts denote partial derivatives, ψζζ̄ = ∂
2ψ/∂ζ∂ζ̄; see [6, 8].172
STUART-TYPE POLAR VORTICES 7
(x, y, z)








Figure 3. The stereographic projection maps the point (x, y, z)
on the unit sphere with the North Pole N excised to the intersec-
tion point (X,Y ) of the equatorial plane with the ray from N to
(x, y, z). The point N itself is mapped to the point at infinity on
the equatorial plane.
Solutions of (16) with ω = 0 and the choice F (ψ) = a ebψ + c for suitable real173
constants a 6= 0, b 6= 0, and c, were obtained by Crowdy [8] by considering the174
following change of dependent variables, from ψ(ζ, ζ̄) to ϕ(ζ, ζ̄):175
ψ(ζ, ζ̄) = ϕ(ζ, ζ̄) +
2
b
ln(ζζ̄ + 1), (17a)176
F (ψ) = a ebψ + c = a(ζζ̄ + 1)2 ebϕ + c. (17b)177
We employ the same change of dependent variables for a rotating sphere i.e. ω 6= 0.178
Choosing the constant c = 2/b+ 2ω, (16) is transformed into179





When ω = 0, (18) reduces to the planar Liouville equation181
(ϕ0)ζζ̄ = a e
bϕ0 (19)182










where f(ζ) is an analytic function. Choosing this function provides us infinitely-185
many degrees of freedom as discussed in the introduction. The associated stream186














Figure 4. Stereographic projection of a spherical cap onto the
equatorial plane. The cap near the South pole (S) encloses the





Figure 5. The projected vortex region V in the projected plane,
with maximum radius δ and minimum radius µ. The boundary of
V is denoted by VB .
4. Polar vortices as approximate solutions of the Liouville equation. We189
now use the explicit stream function ψ0 given by (21) to approximate a solution ψ190
to (1) with the nonlinear relative vorticity191




for parameters a and b satisfying ab > 0. This approximation is valid near the193
South pole of the planet; a similar approximation works at the North pole. The194
error bound in the approximation is given in terms of the inverse Rossby number195
ω and the extent of the polar vortex, where the latter is measured in terms of the196
minimum co-latitude θs containing the vortex, as shown in Figure 4. The spherical197
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Figure 6. The eye of the stationary vortex centered on Saturn’s
South Pole and extending to 88.5◦S, captured in 2008 by NASA’s
Cassini spacecraft using thermal radiation, is about 2000 km across
and features peak prograde winds of 170 m s−1 [Image credit:
NASA/JPL-CalTech/Space Science Institute].







In terms of ω and δ, we obtain the pointwise error bound200
−ωδ4 ≤ ψ(X,Y )− ψ0(X,Y ) ≤ 0 (24)201
inside the vortex region.202
The estimate (24) shows that if the diameter of the polar vortex region is suf-203
ficiently small, then the streamline pattern for ψ is a small perturbation of the204
level sets of the explicit function ψ0 that is typically O(δ
2); see Section 5. For205
example, for Saturn we have R′ = 60, 268 km, U ′ = 150 m s−1, W ′ = 10−3m s−1,206
Ω′ = 1.63 × 10−4 s−1, H ′ = 50 km for the upper troposphere, with the eye of the207
the vortex at Saturn’s South Pole within 1.5◦ degrees of latitude from the South208
Pole (see the data in [9] and Figure 6); therefore we have ε ≈ 10−3, k ≈ 10−5. From209
(6) and (23) we estimate ω ≈ 65 and δ ≈ 0.013. Consequently, in this setting the210
error bound in (24) is about 2× 10−6.211
4.1. Error bound through sub- and super-solutions. In this subsection we212
obtain the error bound (24) relying on the method of sub- and super-solutions for213
semilinear elliptic partial differential equations. The boundary of the steady polar214
vortex is a level set of the stream function, say ψ = 0. The exact solution ψ0215
also satisfies the condition ψ0 = 0 on this boundary so that the deviation ψ − ψ0216
vanishes there. We solve for the deviation of the solution on the rotating sphere217
from the exact solution ϕ0 in (20),218
ϕ̃ = ϕ− ϕ0 = ψ − ψ0, (25)219
where the second equality follows from (17a).220
The stereographic projection of the polar vortex is the planar region V shown221
in Figure 5. Let us denote the boundary of the projected vortex region V by VB .222
In terms of the Cartesian coordinates (X,Y ) on the complex ζ-plane, we can write223
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(18) as the semilinear elliptic equation224
∇2ϕ = 4a ebϕ + 16ω(X
2 + Y 2)
(1 +X2 + Y 2)3
, (26)225
where ∇2 = ∂2/∂X2 + ∂2/∂Y 2 is the planar Laplace operator. Similarly (19)226
becomes227
∇2ϕ0 = 4a ebϕ0 . (27)228





16ω(X2 + Y 2)
(X2 + Y 2 + 1)3
= 0 in V,
ϕ̃ = 0 on VB .
(28)230
To proceed, we rely on the comparison method for solutions of nonlinear elliptic231
partial differential inequalities. Consider twice continuously differentiable functions232
ϕ̃sub, ϕ̃
sup on the domain V together its boundary VB . ϕ̃sub is called a sub-solution233





16ω(X2 + Y 2)
(X2 + Y 2 + 1)3
≤ 0 in V,
ϕ̃sub ≤ 0 on VB .
(29)235






16ω(X2 + Y 2)
(X2 + Y 2 + 1)3
≥ 0 in V,
ϕ̃sup ≥ 0 on VB .
(30)237
The existence of a sub-solution and a super-solution with the property ϕ̃sub ≤ ϕ̃sup238
ensures the existence of a solution ϕ̃ such that ϕ̃sub ≤ ϕ̃ ≤ ϕ̃sup everywhere in the239
domain V [21].240
It is easily verified by substituting in (30) that ϕ̃sup = 0 is a super-solution,241
keeping in mind that ω > 0. Substituting the expression242
ϕ̃sub(X,Y ) = ω
(
(X2 + Y 2)2 − δ4
)
(31)243
in (29) it can be verified that (31) is a sub-solution. To see this, note that since244
the region V is contained in the disk X2 + Y 2 < δ2, we have ϕ̃sub < 0 = ϕ̃sup in V.245
Then using (31) and after some algebra, (29) becomes246
−(X2 + Y 2)
[
1− 1









It is clear that the first term is always non-positive; since ϕ̃sub < 0, the second term248
is always non-positive since ab > 0. Thus the method of sub- and super-solutions249
ensures the existence of a solution ϕ̃ to (28) with ϕ̃sub ≤ ϕ̃ ≤ ϕ̃sup. From (31), we250
have ϕ̃sub ≥ −ωδ4, and therefore the desired error estimate (24) follows from (25).251
4.2. Sign and monotonicity of the relative vorticity. The main features ob-252
served on Saturn are a relative vorticity that is positive and whose longitude-253
averaged values increase as we approach the core of the vortex at the South Pole254
(see the data in [9]). We now show that the restriction255
|a|+ 2|b| < 2ω (33)256
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on the relative sizes of a < 0 and b < 0 ensures that the flow induced by the stream257
function ψ0 has these features. In order to take longitudinal averages of the relative258
vorticity, we restrict our attention to the smallest disc contained within the polar259
vortex region. In the stereographically projected plane, this is the disc of radius µ260
shown in Figure 5.261
First, we show that the relative vorticity F (ψ0) > 0 in this region ζζ̄ < µ
2. Since262
a < 0 and b < 0, we have263 
−∇2ϕ0 = 4|a| e−|b|ϕ0 > 0 in V,
ϕ0 ≥
2
|b| ln(1 + µ
2) on VB .
(34)264
The maximum principle for superharmonic functions therefore ensures that ϕ0 ≥265
2 ln(1 +µ2)/|b| in V (see [10]). Combining this lower bound for ϕ0 with (17a) yields266
F (ψ0) = a e




≥ −|a| (1 + ζζ̄)
2
(1 + µ2)2
+ 2ω − 2|b| (35)268
throughout V. Consequently, using (33) within the region ζζ̄ ≤ µ2 yields269
F (ψ0) ≥ 2ω − |a| −
2
|b| > 0. (36)270
We conclude our argument by noting that the relative vorticity F (ψ) is well ap-271
proximated by F (ψ0) because of the error bound (24) on ψ − ψ0.272
We next show that the longitude-averaged values of the relative vorticity F (ψ0)273
increase as we approach the core of the vortex at the South Pole. To see this, it274
is sufficient to check that F (ψ0) is superharmonic in this region (see [10]). Indeed,275
differentiating (35) and using (27), we find that ∇2F (ψ0) is given by276
a
4
(1 +X2 + Y 2)ebϕ0(Q1 +Q2) + a
2be2bϕ0(1 +X2 + Y 2)2, (37)277
where the terms Q1 and Q2 are given by278
Q1 = b
2(1 +X2 + Y 2)(∂Xϕ0)









2(1 +X2 + Y 2)(∂Y ϕ0)





1 +X2 + Y 2
)
. (39)280
Thinking of Q1 and Q2 as quadratic functions of ∂Xϕ0 and ∂Y ϕ0, respectively,281
we can check that each of the summands in (37) is negative. Here we need that282
X2 +Y 2 < 1, but X2 +Y 2 < δ  1 so this is not a restriction. Thus −∇2F (ψ0) > 0283
so that F (ψ0) is superharmonic.284
Remark. The North Pole is mapped to the point at infinity, as shown in Figure 3.285
Regions within a few degrees of latitude from the North Pole therefore correspond to286
|ζ| > ∆, for some ∆ 1. An analysis similar to that performed in Section 4.1 yields287
an approximation result for the stream function of the North polar vortex. Also,288
considerations analogous to those above (but with a > 0 and b > 0) ensure that289
the flow induced by the stream function ψ0 captures the main features observed290
on Saturn (see Figure 7), namely a relative vorticity that is negative and whose291
longitude-averaged values decrease as we approach the core of the vortex at the292
North Pole (see the data in [3, 9]).293
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Figure 7. The eye of the stationary vortex at Saturn’s North
Pole (with a surrounding hexagonal jet stream), captured in 2017
by NASA’s Cassini spacecraft, is more than 2000 km wide and
features prograde wind speeds of 200 m s−1 on its outer edge at
88◦N (decreasing within the eye to zero at the pole) [Image credit:
NASA/JPL-CalTech/Space Science Institute].
Figure 8. Depiction of the streamline pattern (40) inside the polar
vortex at the South Pole (the black dot). The velocity and vorticity
fields are smooth inside the polar vortex region.
5. Flow visualization. The explicit formula for the stream function, (21), offers294
a wide range of possibilities for the leading-order flow pattern. Other than the two295
free parameters, the choice of the complex analytic function f(ζ) allows infinitely-296
many degrees of freedom. A necessary condition for the estimate (24) to hold is297
a < 0 and b < 0 with ab > 0. We make the choice f(ζ) = ζ with the constants298
STUART-TYPE POLAR VORTICES 13
Figure 9. Depiction of the streamline pattern inside the polar
vortex at the South Pole (the black dot) for the choice (41) with
A = 1 and B6 = .001. The velocity and vorticity fields are smooth
inside the polar vortex region.
a = −2 and b = −1. (This choice satisfies (33) for Saturn.) The stream function299
on the stationary sphere, corresponding to this choice, is300






In the polar vortex region 0 ≤ |ζ| ≤ δ  1, this stream function is O(δ2) and free302
from any singularities. The streamlines are circles centered at the South Pole ζ = 0,303
as shown in Figure 8. The estimate (24) then guarantees that a similar solution ψ304
exists on the rotating sphere, and quantifies its deviation from (40).305
We can also make more complicated choices of f , such as f(ζ) = Aζ(ζ6/7−B6)306
where A and B are real parameters. In this case the corresponding stream function307
on the stationary sphere is308
ψ0(ζ, ζ̄) = −2 ln
(




Provided |B| > δ, this stream function is free of singularities in |ζ| ≤ δ. The310
streamline pattern, shown in Figure 9, is similar to Figure 8 but is no longer perfectly311
rotationally symmetric.312
6. Discussion. Polar vortices are prominent dynamical features of the atmospheric313
flow on planets in our solar system. Typically, in these spherical cap regions the314
horizontal velocity field changes rapidly with latitude and thus the vorticity highly315
concentrates. Field data also reveals a coherent vortex structure near the core.316
This motivates the study of steady vortex-dominated background states that are317
characterized by regions of concentrated vorticity. A nonlinear setting is adequate318
to cope with the strong variations of the relative vorticity near the core of the319
polar vortex. Moreover, since polar vortices are large-scale rotations of the polar320
atmosphere near a planet’s poles, it is advantageous to retain the spherical geometry.321
Starting from the Euler equation expressed in a rotating frame in spherical coor-322
dinates, coupled with the equation of mass conservation, we developed a thin-layer323
(i.e. shallow water) asymptotic approximation. Taking advantage of the fact that324
the magnitude of the vertical velocity through the layer is much smaller than the hor-325
izontal components along the layer, we derived a nonlinear vorticity equation, (1),326
that models the leading order dynamics of the stream function of a two-dimensional,327
stratified, steady flow in a polar vortex. In the investigation of this leading-order328
model one can take advantage of the fact that the effects of rotation are considerably329
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reduced near the core of the polar vortex. Thus, for polar vortex regions of suitable330
scales, explicit Stuart-type vortices that model inviscid flow on the surface of a fixed331
sphere are good approximations for the solutions of the vorticity equation (1). This332
approach permits us to produce streamline patterns for nonlinear vorticities. The333
relevant family of explicit solutions presents infinitely-many degrees of freedom in334
the form of two real parameters and the free choice of a complex analytic function.335
In particular, we show that we can accommodate solutions that capture the essen-336
tial features of the atmospheric flow on Saturn’s polar vortices: the sign as well as337
the monotonicity of the relative vorticity within the polar vortex. Moreover, the338
relevant explicit formula for the stream function, (21), is arguably simpler than the339
formulas that would emerge by means of spherical harmonics if one were to work340
within the confines of linear theory.341
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